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Abstract
We investigate how the Unruh effect affects the transition between classical and quantum de-
coherences for a general class of initial states and find that: (i) The quantum decoherence exists
while λt ≤ λt˜ (the transition time) and the classical one can also affect the system’s evolution while
λt ≥ λt˜ for both the bit and phase-bit flips, which are different from the cases in inertial frame;
(ii) The classical decoherence will not occur, while the quantum decoherence still dominates the
evolution of system as λt ≥ λt˜ for the phase flip; And (iii) as the Unruh temperature increases,
the λt˜, compared with that in inertial frame, will be bigger for phase flip but smaller for bit flip.
However, the λt˜ does not change no matter what the Unruh effect is for phase-bit flip.
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I. INTRODUCTION
The relativistic quantum information plays a key role in better understanding the quan-
tum mechanics [1, 2] and is helpful to study the information paradox existing in black hole
[3, 4]. Because of that, it has attracted much attention recently [5–14]. However, because
the interaction between the quantum system and surrounding environment is inevitable, the
study of the interaction becomes an important topic in quantum information, and more and
more authors focus their attention on it [15, 16]. Especially, J. Maziero et al. [17] discussed
classical and quantum correlations under decoherence and identified three types of dynamics
that include a peculiar sudden change in their decay rates. And they showed that, under
suitable conditions, the classical correlation is unaffected by decoherence. L. Mazzola et al.
[18] pointed out that there exists a sudden transition between the classical and quantum
decoherences for a class of initial states when system experiences a phase flip course, which
is the first evidence of the existence of quantum properties. Here, the classical decoherence,
which was introduced by L. Mazzola etc. in Ref. [18], represents the decoherence process
inducing loss of classical correlation. Most recently J. Wang et al. [19] studied quantum
decoherence in noninertial frames, and they found that the sudden death of entanglement,
in the case of the total system under decoherence, may appear for any acceleration for Dirac
field. However, in these papers the authors either considered the quantum and classical
decoherences only in inertial frame or do not distinguish the quantum and classical decoher-
ences in noninertial frames. Here we will extend the study of [18] to the noninertial frames
and will present some interesting new conclusions of the quantum and classical decoherences
due to the Unruh effect.
The structure of the paper is as follows. In Sec. II we recall some concept of the classical
and quantum correlations. In Sec. III we introduce the essential features of the Dirac fields
in the noninertial frame simply. In Sec. IV we study the transition between classical and
quantum correlations in noninertial frames. And we summarize and discuss our conclusions
in the last section.
2
II. CLASSICAL AND QUANTUM CORRELATIONS
We now introduce quantum discord and classical correlation briefly. As we all known,
Shannon entropy is always used to quantify information in classical information theory,
which is defined as H(X) = −∑x P|X=x logP|X=x, where P|X=x is the probability with
X being x. And mutual information, to quantify the relationship between two random
variables X and Y , is introduced here, whose formula is I(X : Y ) = H(X) + H(Y ) −
H(X, Y ). Since H(Y |X) = H(Y,X)−H(X), there is another alternative expression for the
mutual information I(X : Y ) = H(Y ) − H(Y |X), where H(Y |X) is conditional entropy.
Classically, these two expression of mutual information are identical. Now we generalize
these expressions to quantum domain. Their quantum version can be written as [20]
I(A : B) = S(ρA) + S(ρB)− S(ρAB), (1)
and
J{Πj}(A : B) = S(ρB)− S{Πj}(B|A), (2)
where S(ρ) = −Tr(ρlogρ) is the von Neumann entropy, S{Πj}(B|A) =
∑
j pjS(ρB|j) is
conditional entropy [21] of quantum state, and {Πj} is a complete set of projectors,
which is used to measure subsystem A of ρAB. And the outcome is j, corresponding to
ρB|j = TrA(ΠjρABΠj)/pj, with pj = TrAB(ΠjρABΠj). Incidentally, I(A : B) and J (A : B)
do not equal each other in this case.
From above we know that conditional entropy is strongly effected by the choice of the
measurements {Πj}. Hence, we, in order to get the classical correlation, have to minimize
the conditional entropy over all possible measurements of A, and it needs to find a optimal
measurement which disturb least the overall system [22–24]. Then we define the classical
correlation between two subsystems A and B as
C(A : B) = max
{Πj}
J{Πj}(A : B), (3)
and quantum discord [22, 24]
D(A : B) = I(A : B)− C(A : B). (4)
Quantum discord is nonnegative and is zero for states with only classical correlations
[15, 22]. Thus a nonzero value of D(A : B) indicates the presence of nonclassical correlation
[25, 26], that is, there exists quantum correlation.
3
III. QUANTIZATION OF DIRAC FILED IN MINKOWSKI AND RINDLER
SPACETIMES
For a inertial observer in flat Minkowski spacetime, we can expand the free field in terms
of the positive (particle) and the negative (antiparticle) energy solution of Dirac equation
Ψ =
∑
i
∫
dk (aki ψ
+
ki
+ b+ki ψ
−
ki
), (5)
where the subscript k is momentum notation, which is used to label the modes with the same
energy, with ωi = |ki| corresponding to massless Dirac fields. The particle and antiparticle
operators satisfy the usual anticommutation rule
{aki, a+kj} = {bki, b+kj} = δ(ki − kj), (6)
and all other anticommutators vanishing.
For a accelerating observer, Rindler coordinates (η, ε) are the appropriate coordinates to
describe him. The relationship between the Minkowski coordinates and Rindler coordinates
is
at = eaε sinh (aη), az = eaε cosh (aη), (7)
at = −eaε sinh (aη), az = −eaε cosh (aη)
for region I and II, respectively.
We now expand the Dirac field in the terms of Rindler modes, which is given by
Ψ =
∑
i
∫
dk[cˆIkiΨ
I+
ki
+ dˆI+ki Ψ
I−
ki
+ cˆIIkiΨ
II+
ki
+ dˆII+ki Ψ
II−
ki
], (8)
where cˆski and dˆ
s+
ki
are the fermion annihilation and antifermion creation operators of state
in region s respectively, with s={I, II}. The anticommutation relations of these operators
are
{ cˆski, cˆs
′+
kj
} = { dˆski, dˆs
′+
kj
} = δ(ki − kj)δss′. (9)
According to the Bogoliubov transformation, in the Rindler coordinates we can easily get
Minkowski vacuum state |0〉M =
⊗
i |0ωi〉M and excited state |1〉M =
⊗
i |1ωi〉M ∀i, with
|0wi〉M = (e−ωi/T + 1)−
1
2 |0wi〉I |0wi〉II + (eωi/T + 1)−
1
2 |1wi〉I |1wi〉II , (10)
|1wi〉M = |1wi〉I |0wi〉II , (11)
4
where T = a/2pi is the Unruh temperature.
From Eq. (10), we can see that the Minkowski vacuum, from the perspective of the
uniformly accelerated observer Bob, is a two-mode squeezed state of the Rindler Fock state.
Usually, we think that Bob and antiBob are confined in region I and II, respectively, which
are causally disconnected. Therefore, the observer must trace over the inaccessible region,
as a result of that, the information will be lost, which essentially results in the detection of
a thermal state. That is so called Unruh effect. Because of the Unruh effect, a entangled
pure state seen by the inertial observer Alice appears mixed from the accelerated frame.
IV. TRANSITION BETWEENCLASSICAL AND QUANTUMDECOHERENCES
We consider a maximally mixed marginal initial state shared by Alice and Bob, which
can be expressed as
ρAB =
1
4
(
1AB +
3∑
i=1
ciσ
A
i ⊗ σBi
)
, (12)
where σni is the standard Pauli operator in direction i acting on the subspace n = {A,B},
ci ∈ ℜ with 0 ≤| ci |≤ 1 for i = 1, 2, 3 and 1A(B) is the identity operator in subspace A(B). It
is obvious that different coefficients represent different sates. Especially, |c1| = |c2| = |c3| = 1
and |c1| = |c2| = |c3| = c are corresponding to Bell basic state and Werner state, respectively.
Now we assume that one observer Bob moves with an uniform acceleration while Alice
stays stationary. At the same time, Alice has a detector only sensitive to mode| n〉A and
Bob has a detector only sensitive to mode | n〉B, respectively. Then we use Eqs. (10) and
(11) to rewrite the Eq. (13) in terms of Minkowski modes for Alice and Rindler modes for
Bob and trace over the state in region II, we get
ρA,I =

(1+c3)
4(e−ω/T+1)
0 0 (c1−c2)
4(e−ω/T+1)
1
2
0 (1−c3)+(1+c3)(e
ω/T+1)−1
4
(c1+c2)
4(e−ω/T+1)
1
2
0
0 (c1+c2)
4(e−ω/T+1)
1
2
(1−c3)
4(e−ω/T+1)
0
(c1−c2)
4(e−ω/T+1)
1
2
0 0 (1+c3)+(1−c3)(e
ω/T+1)−1
4

. (13)
Now we consider the case of two qubits under local decoherence channels. If the initial
state ρAB undergoes decoherence environment, then the evolved state can be represented as
5
the operator-sum version [17]
ε(ρAB) =
∑
i,j
Γ
(A)
i Γ
(B)
j ρABΓ
(B)†
i Γ
(A)†
j , (14)
where Γ
(k)
i (k = A,B) are the Kraus operators that describe the noise channels for subsystems
A and B.
Ref. [17, 18] found that there exists a sudden transition between the classical and quan-
tum decoherences for phase flip when |c1| ≥ |c2|, |c3| or |c2| ≥ |c1|, |c3| and |c3| 6= 0, for
bit flip when |c3| ≥ |c1|, |c2| or |c2| ≥ |c1|, |c3| and |c1| 6= 0, and for phase-bit flip when
|c3| ≥ |c1|, |c2| or |c1| ≥ |c3|, |c2| and |c2| 6= 0. Under these conditions, by analyzing quantum
discord and classical correlation of the three noise channels in the noninertial frame, we can
further understand the decoherence.
A. Phase flip
The phase flip channel is a quantum noise process with loss of quantum infor-
mation without loss of energy [17]. Its Kraus operators are given by [27] Γ
(A)
0 =
diag(
√
1− pA/2,
√
1− pA/2) ⊗ 1B, Γ(A)1 = diag(
√
pA/2,−
√
pA/2) ⊗ 1B, Γ(B)0 = 1A ⊗
diag(
√
1− pB/2,
√
1− pB/2), Γ(B)1 = 1A ⊗ diag(
√
pB/2,−
√
pB/2), where pA(B)(0 ≤
pA(B) ≤ 1) is function of time. For simplicity, we assume pA = pB = p throughout this
paper. Then we have
ε(ρA,I) =
1
4
(
1A,I + c
′
01A ⊗ σI3 +
3∑
i=1
c′iσ
A
i ⊗ σIi
)
, (15)
where c′0 =
−1
(eω/T+1)
, c′1 =
(1−p)2c1
(e−ω/T+1)
1
2
, c′2 =
(1−p)2c2
(e−ω/T+1)
1
2
and c′3 =
c3
(e−ω/T+1)
. Because of
p = 1 − exp(−λt), where λ is the phase damping rate [17], we can rewrite c′1 and c′2 as
c′1(t) =
c1(0) exp(−2λt)
(e−ω/T+1)
1
2
and c′2(t) =
c2(0) exp(−2λt)
(e−ω/T+1)
1
2
.
For the sake of getting the quantum and classical correlation, we first need to calculate
the eigenvalues of the state ε(ρA,I). From Eq. (15) we have
λ1 =
1
8
[2− c3 − c3(1−e−ω/T1+e−ω/T )− 2
√
(c1+c2)2e−4λt
e−ω/T+1
+ 1
(eω/T+1)2
],
λ2 =
1
8
[2− c3 − c3(1−e−ω/T1+e−ω/T ) + 2
√
(c1+c2)2e−4λt
e−ω/T+1
+ 1
(eω/T+1)2
],
λ3 =
1
8
[2 + c3 + c3(
1−e−ω/T
1+e−ω/T
)− 2
√
(c1−c2)2e−4λt
e−ω/T+1
+ 1
(eω/T+1)2
],
λ4 =
1
8
[2 + c3 + c3(
1−e−ω/T
1+e−ω/T
) + 2
√
(c1−c2)2e−4λt
e−ω/T+1
+ 1
(eω/T+1)2
].
(16)
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And we can also get the entropy s(ρA) for the reduced density matrix of mode A and s(ρI)
for the mode I, respectively. Then the mutual information between A and I is
I(ρA,I) = S(ρA) + S(ρI)− S(ρA,I)
= 1− 1
2(e−ω/T + 1)
log2(
1
2(e−ω/T + 1)
)− 1 + (e
ω/T + 1)−1
2
log2(
1 + (eω/T + 1)−1
2
)
+
4∑
i=1
λi log2(λi). (17)
Now we calculate the conditional entropy, which is the key of calculating the classical
and quantum correlation. Let us make our measurements on the subsystem A first. The
projectors are defined as [28]
Π+ =
I1 + n · σ
2
⊗ I2, Π− = I1 − n · σ
2
⊗ I2, (18)
where, in spherical coordinates, n1 = sin θ cosϕ, n2 = sin θ sinϕ, n3 = cos θ, and σi are the
Pauli matrices. After the measurements, the final states are
ρ(I|+) = TrA(Π+ρA,IΠ+)/p+
=
1
2
 (1+c3 cos θ)e−ω/T+1 (c1 cosϕ−ic2 sinϕ)e
−2λt sin θ
(e−ω/T+1)
1
2
(c1 cosϕ+ic2 sinϕ)e−2λt sin θ
(e−ω/T+1)
1
2
2− 1+c3 cos θ
e−ω/T+1
 , (19)
and
ρ(I|−) = TrA(Π−ρA,IΠ−)/p−
=
1
2
 (1−c3 cos θ)e−ω/T+1 −(c1 cosϕ−ic2 sinϕ)e
−2λt sin θ
(e−ω/T+1)
1
2
−(c1 cosϕ+ic2 sinϕ)e−2λt sin θ
(e−ω/T+1)
1
2
2− 1−c3 cos θ
e−ω/T+1
 , (20)
where p+ = Tr(Π+ρA,IΠ+) = 1/2 , p− = Tr(Π−ρA,IΠ−) = 1/2. Then the eigenvalues of
state ρ(I|+) and ρ(I|−) are given by
λ+(1, 2) =
1
2
(1±
√
(
1 + c3 cos θ
e−ω/T + 1
− 1)2 + sin
2 θ(c21 cos
2 ϕ+ c22 sin
2 ϕ)e−4λt
e−ω/T + 1
), (21)
and
λ−(1, 2) =
1
2
(1±
√
(
c3 cos θ − 1
e−ω/T + 1
+ 1)2 +
sin2 θ(c21 cos
2 ϕ+ c22 sin
2 ϕ)e−4λt
e−ω/T + 1
). (22)
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Now it is easily to obtain the conditional entropy S{Πj}(I|A) =
∑
j pjS(I|j). Minimizing
the conditional entropy, we can get the classical correlation
C(ρA,I) = − 1
2(e−ω/T + 1)
log2(
1
2(e−ω/T + 1)
)− 1 + (e
ω/T + 1)−1
2
log2(
1 + (eω/T + 1)−1
2
)
− min
Πj
S{Πj}(I|A), (23)
and quantum discord
D(ρA,I) = 1 +
4∑
i=1
λi log2(λi) + min
Πj
S{Πj}(I|A). (24)
Obviously, the conditional entropy has to be numerically evaluated by optimizing over
the angles θ and ϕ. To minimize it, we need to consider all the measurements on A and
find the optimizing measurement. According to the analysis, we can get two values of ϕ for
optimizing measurement ϕ = 0 and ϕ = pi
2
which corresponds to |c1| ≥ |c2| and |c2| ≥ |c1|
[24], respectively. We now plot condition entropy as a function of θ and λt (to compare with
[17, 18], we also take the values of c1 = 1, and −c2 = c3 = 0.6 ) in Fig.1. From which we know
0
1
2
3
Θ
0.0
0.2
0.4
0.6
0.8
Λt
0.0
0.5
1.0
SHIÈAL
FIG. 1: (Color online) The conditional entropy S(I|A) as a functions of λt and θ (the diagram for
T = 0).
that the condition of obtaining the minimum conditional entropy is θ = pi
2
for 0 ≤ λt ≤ λt˜
and θ = 0 for λt˜ ≤ λt ≤ 1, where the turning point is λt˜(T=0) = 0.25541. We can also
get the approximate turning points λt˜(T= 1
2 ln(cot pi8 )
) = 0.29024, λt˜(T= 1
2 ln(cot pi6 )
) = 0.30387 and
λt˜(T→∞) = 0.37326 (for simplicity, we assume w = 1).
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We present the mutual information for differen Unruh temperature by Fig.2, which shows
the evolution of the mutual information as time increases. Obviously, the mutual information
will decrease as time increases, and the values are smaller for the higher Unruh temperature
with the same time. However, because the mutual information includes both the classical
and quantum correlation, we can not get the classical property or quantum property from
the mutual information directly. That is, we can not read out the quantum decoherence or
classical one, which are responsible for the decrease of the information, from it.
0.0 0.2 0.4 0.6 0.8
0.0
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FIG. 2: (Color online) The mutual information I as a function of λt for different Unruh temperature
with c1 = 1, −c2 = c3 = 0.6.
To understand the quantum and classical decoherences better, in Fig. 3 we plot the time
evolution of quantum discord and the classical correlation for differen Unruh temperatures.
For T = 0, the time point λt˜(T=0) = 0.25541 is a interesting point, where there is a sharp
transition from the classical to the quantum decoherences [17, 18]. When λt(T=0) ≤ λt˜(T=0),
only the classical correlation decreases, while the quantum discord is constant in time, so the
decoherence process is the loss of only classical correlation. Obviously, for λt˜(T=0) ≤ λt(T=0),
classical correlation does not change in time while only quantum decoherence occurs.
Consider that the classical and quantum decoherences regimes are strictly distinguished
in this case, it is very useful to study how the Unruh effect affect the classical and quantum
decoherences. From the Fig. 3 we note that both the classical correlation and quantum
discord are piecewise functions, and λt˜ is the breakpoint. The figure also shows that: (i)
Because of the existence of Unruh effect, the quantum decoherence will happen in the time
interval λt(T 6=0) ≤ λt˜(T 6=0), which is unlike the case of T = 0. (ii) It is very interesting to
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FIG. 3: (Color online) The classical correlation C (dashed line) and quantum discord D (solid line)
as functions of λt for different Unruh effect (from the top to bottom are corresponding to T = 0,
T = 12 ln(cot pi
8
) , T =
1
2 ln(cot pi
6
) , T →∞,) with c1 = 1, −c2 = c3 = 0.6. In the inset we plot the detail
of each transition.
note that the classical decoherence doesn’t occur when λt(T 6=0) ≥ λt˜(T 6=0), which is the same
with the case of inertial fame. (iii) We also find that the transition between classical and
quantum decoherences will delay with the Unruh temperature increases. And (iv) from the
inset, we know that the quantum discord will become larger than the classical correlation
near the λt˜, the higher the Unruh temperature is, the longer the time interval is.
For future understanding the dynamics of the total quantum correlation, we will calculate
the concurrence CC which is defined as CC = max{0,√λ1 −
√
λ2 −
√
λ3 −
√
λ4}, λi ≥
λi+1 ≥ 0 [29, 30], where
√
λi are square root of the eigenvalues of the matrix ρρ˜ with
ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy) defined as “ spin-flip” matrix of the state ρ.
Fig.4 is a compare of concurrence CC and discord D. We find entanglement decreases
monotonically. When λt ≥ λtS = −12 ln
√
(−1+c3)[c3−3+(1+c3)( 1−e−ω/T
1+e−ω/T
)]
√
2(c1−c2) ( this solution for the
case of c1 > c3,−c2 > 0, or exchanging the role of c1 with c2 ), the entanglement will
disappears completely, but quantum discord does not. For inertial frame (T=0), if λtS ≤
λt˜, entanglement vanishes when the quantum discord has not yet started to decay so the
state of the total system is separable state with nonzero-discord [17, 18]. It is interesting
note that this conclusion is also applicable to the noninertial frame, although its quantum
discord will weakly decays when λt ≤ λt˜. The time interval λt˜ − λtS increases as the
10
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FIG. 4: (Color online) The concurrence CC (dashed line) and quantum discord D (solid line) as
functions of λt with c1 = 1, −c2 = c3 = 0.3.
Unruh temperature increases, that is, the Unruh effect can induce that sudden death of the
entanglement happens earlier and the transition between classical and quantum decoherences
occurs later. Ref. [18] pointed that the entanglement vanishes while the quantum discord
has not yet started to decay only for the condition of 0 < |c3| <
√
2− 1. Here, we find that
the upper bound for λtS ≤ λt˜ becomes larger due to the Unruh effect.
B. Bit flip
For bit flip channel, Ref. [17, 18] found that there exists the sudden transition from
classical decoherence to quantum one in the inertial frame. How the Unruh effect affect the
classical and quantum decoherences in this channel? Our study, in Fig. 5, shows that: (i) It
is very obvious that the transition from the classical to quantum decoherences occurs earlier
with the Unruh temperature increases. (ii) The classical decoherence also happens for time
λt ≥ λt˜ with T 6= 0, but this phenomenon is too weak to be read from the graph directly.
(iii) The Unruh effect can also induce that the quantum discord becomes more than the
11
0.0 0.2 0.4 0.6 0.8
0.0
0.2
0.4
0.6
0.8
1.0
Λt
e.
u
0.05 0.10 0.15 0.20 0.25 0.30
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
Λt
e.
u
FIG. 5: (Color online) The classical correlation C (dashed line) and quantum discord D (solid line)
as functions of λt for different Unruh effect (from the top to bottom are corresponding to T = 0,
T = 12 ln(cot pi
8
) , T =
1
2 ln(cot pi
6
) , T →∞,) with c3 = 1, −c2 = c1 = 0.6. In the inset we plot the detail
of each transition.
classical correlation near the λt˜, the higher the Unruh temperature is, the longer the interval
is. And (iv) the Unruh effect can induce the quantum decoherence to happen before λt˜ too.
C. Phase-bit flip
In this case, the dynamic behavior of C and D under phase-bit flip in the noninertial frame
is exhibited in Fig. 6. And our study shows some interesting conclusions: (i) Compared
with the phase flip and bit flip, the biggest difference is that the transition time does not
change no matter what the Unruh effect is, it is a constant, λt˜ = −1
4
ln
c22
c21
. (ii) The classical
correlation is always larger than the quantum correlation except for λt = λt˜. (iii) The
quantum decoherence can also exist before λt˜ as the consequence of the Unruh effect and
the classical decoherence can exist after λt˜ too.
V. SUMMARY
How the Unruh effect affects the transition between the classical and quantum decoher-
ences for a general class of initial states under three noise channels was studied. It was
12
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FIG. 6: (Color online) The classical correlation C (dashed line) and quantum discord D (solid line)
as functions of λt for different Unruh effect (from the top to bottom are corresponding to T = 0,
T = 12 ln(cot pi
8
) , T =
1
2 ln(cot pi
6
) , T →∞,) with c1 = 1, c2 = −c3 = 0.6.
showed that: (i) The quantum decoherence, for time λt ≤ λt˜, can also have the contribution
to the evolution of the system, which is contrary to that in inertial frame, so we can get the
conclusion that the Unruh effect can induce that the quantum decoherence happens in this
time interval. (ii) When λt ≥ λt˜, the system’s evolution also depends on the classical deco-
herence for the bit flip and phase-bit flip, which is different from these three noise channels
in inertial frames. But this conclusion doesn’t apply to the Phase flip channel. (iii) As the
Unruh temperature increases, the transition time will be bigger for the phase flip but be
smaller for the bit flip compared with that in inertial frame. However, this transition time
does not depend on the Unruh effect for the phase-bit flip. And (iv) the Unruh effect can
also induce that the quantum discord becomes more than the classical correlation in a little
time interval near the λt˜, the higher the Unruh temperature is, the longer the interval is.
Although the quantum and classical decoherences, for some noise channels, may occurs when
λt ≤ λt˜ and λt ≥ λt˜, respectively, the classical decoherence always dominates the evolution
of system when λt ≤ λt˜, while the quantum decoherence makes primary contribution to
system’s evolution when λt ≥ λt˜.
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